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Abstract. We study central simple algebras with involution of the first kind 
that become hyperbolic over the function field of the conic associated to a 
given quaternion algebra Q . We classify these algebras in degree 4 and give an 
example of such a division algebra with orthogonal involution of degree 8 that 
does not contain (Q, ), even though it contains Q and is totally decomposable 
into a tensor product of quaternion algebras. 



Given two central simple algebras with involution (A, cr) and {B,t) over a field 
F, we say that {A, a) contains [B, r) if A contains a cr-stable subalgebra isomorphic 
to B over which the involution induced by a is conjugate to r. By the double cen- 
tralizer theorem [TTJ (1.5)], this is also equivalent to saying that [A, a) is isomorphic 
to a tensor product {A, a) ~ {B,t) (X) (C, 7) for some central simple algebra with 
involution (C, 7) over F. 

Let {Q,~) be a quaternion division algebra over F, endowed with its canonical 
involution. We denote by Fq the function field of the associated conic, which is the 
Severi-Brauer variety of Q. Since is of symplectic type, it becomes hyperbolic 
over any field that splits Q, hence in particular over Fq. From this, one may easily 
deduce that any {A, a) that contains (Q, ) becomes hyperbolic over Fq. The main 
theme of this paper is to investigate the reverse implication. In the case where A is 
split and a is anisotropic, it is an easy consequence of the Cassels-Pfister subform 
theorem in the algebraic theory of quadratic forms that the converse holds, see 
Proposition 12.11 When A is not split, the problem is much more delicate, and 
comparable to the characterization of quadratic forms that become isotropic over 
Fq, which was studied by Hoffmann, Lewis, and Van Geel [8], [9], [10]. Using an 
example from [TU] of a 7-dimensional quadratic form over a suitable field F that 
becomes isotropic over Fq, we construct in Sj5]a division algebra A of degree 8 with 
an orthogonal involution a such that {A, a) becomes hyperbolic over Fq but does 
not contain {Q,~), even though A contains Q and {A, a) decomposes into a tensor 
product of quaternion algebras with involution. This situation does not occur in 
lower degrees. 

Algebras with involution that become split hyperbolic over Fq are considered 
in 321 It is shown in Proposition 12.31 that their anisotropic kernel contains {Q,~) 
(if it is not trivial). This applies in particular to algebras of degree 2m with m 
odd, see Corollarv l2.4l The case of algebras of degree 4 is completely elucidated in 
using Clifford algebras for orthogonal involutions and a relative cohomological 
invariant of degree 3 due to Knus-Lam-Shapiro-Tignol for symplectic involutions. 
In the symplectic case, we classify the algebras of degree 4 that become hyperbolic 
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over Fq but do not contain see Theoreni l3.6l We show in SjHthat our result 

is equivalent to the Hoffmann-Lewis- Van Gael classification of 5-dimensional qua- 
dratic forms that become isotropic over Fq without containing a Pfister neighbour 
of the norm form of Q, see CoroUarv 14.21 Orthogonal involutions on algebras of 
degree 8 are considered in §Sj5]and[6l using triality. In fj5]we relate tensor products 
of quaternion algebras to quadratic forms of dimension 8 with trivial discriminant. 
The algebras with involution that do not decompose into tensor products of quater- 
nion algebras with involution and become hyperbolic over Fq are determined in fJBl 
see Theorem 16.31 They are isotropic, and their anisotropic kernel contains [Q, ). 
Finally, we use Laurent power series in fj7] to construct algebras with involution of 
large degree that do not contain 

1. Notations and preliminary observations 

We work over a base field F of characteristic different from 2, and only consider 
algebras with involution of the first kind. We refer the reader to [H] and to [T2] for 
background information on central simple algebras with involution and on quadratic 
forms. However, we depart from the notation in [T^] by using ((oi , . . . , an)) to denote 
the n-fold Pfister form — fli). 

li h: V X V D is a regular hermitian or skew-hermitian form on a finite- 
dimensional vector space V over a division algebra D, we denote by a.dh the invo- 
lution on Endi3(V^) that is adjoint to h. In the particular case where D is split and 
h is the polar form of a quadratic form q, we also denote adg for adh- Following 
Becher [Ij, for any n-dimensional quadratic form q over F, we denote by Adg the 
split orthogonal algebra with involution (M„(F),adg). 

Recall that a central simple i^-algebra with involution {A, a) is hyperbolic if and 
only if it is isomorphic to (Endu V,adh) for some hyperbolic hermitian or skew- 
hermitian form h on a vector space V over a division algebra D. In particular, A 
admits a hyperbolic involution if and only if the index of A divides ^ deg{A). If so, 
then A admits up to conjugation a unique orthogonal hyperbolic involution, and a 
unique symplectic one; see [2] or [TTl 6.B]. 

For any central simple F-algebra with involution (A, a) and any field extension 
K/F, we let {A, (7)k = {A®f K,a ®ld). As pointed out in the introduction, we 
shall be mostly interested in the special case where K = Fq is the function field 
of the conic associated to a quaternion algebra Q, i.e. its Severi-Brauer variety. 
Throughout the paper, we fix the notation 

Q = (a, b)F 

with a, b G F^ , and we assume Q is not split. We may then identify Fq with 
the quadratic extension F{y/at^ + b) of F{t), where t is an indeterminate. For any 
central simple F-algebra A, we let A{t) = Ai^p F{t) and A[t] ^ Aig)F F[t]. 

Proposition 1.1. Let (A, a) be a central simple F- algebra with involution. Assume 
a is anisotropic. The following conditions are equivalent: 

(a) {A, a) Fq is hyperbolic; 

(b) A{t) contains an element y satisfying 

a{y) — — y and y^ = at^ + b. (1) 
// conditions (a) and (b) hold, then A[t] contains an element yo such that 

<7{yo)yo^'{at^ + b). (2) 
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Moreover, the following conditions are equivalent: 

(a') {A, a) contains {Q, ); 

(b') A[t] contains an element y satisfying 

Proof. The equivalence of (a) and (b) readily follows from the description of aniso- 
tropic involutions that become hyperbolic over a quadratic extension in [21 3.3]. If 
y € A{t) satisfies then the version of the Cassels-Pfister theorem for algebras 
with involution in [19] yields an element u € A{t) such that a{u)u = 1 and uy € A[t]. 
Then yo = uy satisfies 

If (a') holds, then A contains two skew-symmetric elements i, j such that = a, 
2^ = 6, and ji — —ij. Then y ^ it + j e A[t] satisfies ([IJ, so (b') holds. Conversely, 
suppose (b') holds and let y e A[t] satisfy (P). We then have a-{y)y = — (at^ + b), 
hence the degree of y is 1 since a is anisotropic. Thus, y = + /i for some X, £ A. 
It follows from ^ that A and /i are skew-symmetric and satisfy A^ = a, fj,^ = b, 
and /dX = — A/x, hence they generate a cr-stable subalgebra of {A, a) isomorphic to 

Proposition 1.2. Let (A, a) be a central simple F- algebra with involution. Assume 
A is division. If (A, cr)^?^ is hyperbolic, then A contains Q and A[t] contains an 
element yi such that y\ — at^ + b. 

Proof. Since {A, (j)fq is hyperbolic, the algebra Afq is not division, hence Merkur- 
jev's index reduction theorem piT, Th. 1] shows that A contains Q, hence also two 

elements i, j such that — a, — b, and ji = —ij. Then yi = it + b satisfies 
y2 ^ at'^ + □ 

Thus, the algebra with involution {A, a) in Theorem 15 . 21 below is such that A{t) 
contains an element y satisfying and A[t] contains elements yo, yi satisfying 

ct(2/o)2/o -{at^ +b), yl = at^ + b, 

but no element satisfying both equations. 

For the rest of this section, we focus on the case where a is orthogonal. We 
then have a discriminant disca S p'^ j p^"^ and a Clifford algebra C{A,a), see [11] 
§§7, 8]. Recall from [TTl (8.25)] that the center of C{A,cr) is the quadratic etale 
F-algebra obtained by adjoining a square root of disc cr. Therefore, if disco- = 1 
the algebra C{A,a) decomposes into a direct product of two components, which 
are central simple F-algebras, 

C{A,(j) ~ C+{A,a) X C^{A,(j). 

If AegA = mod 4, then the canonical involution g_ on C{A,a) restricts to in- 
volutions (7+ and (J- on C+{A,a) and C-{A,a). Moreover, the tensor product 
C+{A,a) ®F C-{A,a) is Brauer-equivalent to A, see [TU (8.12), (9.14)]. 

Proposition 1.3. Let {A, a) be a central simple F-algebra with orthogonal involu- 
tion and degA = mod 4. // (A,(7)fq is hyperbolic, then disc cr = 1 and at least 
one o/ (C-|-( A, cr), (7-1-), {C-{A,a),(J^) is split and isotropic. 

Proof. Since ap^ is hyperbolic, disccr is a square in Fq, hence also in F since F is 
quadratically closed in Fq. By [TTl (8.31)], the Clifford algebra of any hyperbolic 
involution has a split component; therefore C+{A,a)FQ or C-{A,a) is split. The 
corresponding involution a± is isotropic over Fq by the main theorem in [5]. □ 
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Since the Brauer group kernel of the scalar extension map from F to Fq is 
{0, [Q]}, the description of algebras {A, a) with a orthogonal and degA = mod 4 
such that {A, a) Fq is hyperbolic falls into two cases: 

Case 1: {[C+{A,a)l[C_{A,a)]] = {0,[A]}; 

Case 2: { [C+(A (t)], [C_ (A a)] } = {{QWA^fQW- 

Following Garibaldi's definition in [7], case 1 is when (A, cr) G . Note that these 
two cases are not exclusive: they intersect if and only if A is Brauer-equivalent to 
Q\ then (A, a) becomes split hyperbolic over Fq. This case is easily dealt with in 
321 If deg^ = 4, the first case arises if and only if {A, a) is hyperbolic, and the 
second case if and only if (A, a) contains see ^3.11 For algebras of degree 8, 

case 1 is when (yl, a) is totally decomposable, see ^JSj case 2 is considered in SjG] 

2. Algebras with involution that become split hyperbolic over Fq 

Since Fq is the function field of the Severi-Brauer variety of Q, the Brauer 
group kernel of the scalar extension from F to Fq is {0, [Q]}. Therefore, if (A, cr) 
is a central simple _F-algebra with involution that becomes split hyperbolic over 
Fq, then either A is split or A is Brauer-equivalent to Q. We consider each case 
separately. 

Proposition 2.1. Let (A, cr) he a split central simple F-algebra with involution. 

(1) If (J is symplectic, then it is hyperbolic. In this case, { A, a) contains {Q, ) 
if and only if deg A=0 mod 4. 

(2) If a is orthogonal, then {A, a) ~ Ad^ for some quadratic form q. We have 
{Adq)FQ hyperbolic if and only if the anisotropic kernel of q is a multiple 
of the norm form uq. Assuming this condition holds, Adg contains {Q,~) 
if and only if the Witt index of q is a multiple of A. 

Proof. (1) Since every alternating form on an _F- vector space is hyperbolic, it fol- 
lows that every split algebra with hyperbolic involution is hyperbolic. If p is an 
orthogonal involution on Q, then {Q~)®{Q^ p) is a split algebra of degree 4 with 
symplectic involution. If deg A = Am, we have 

{A, a) ~ (g,-)® (g,p)(8)Adg 

for any quadratic form q of dimension m since all the hyperbolic involutions on 
A are conjugate. Conversely, if A contains Q, then the centralizer of Q in A is 
Brauer-equivalent to Q, hence of even degree. Therefore, degA = mod 4. 

(2) By definition, (Ad^)^^ is hyperbolic if and only if g^g is hyperbohc, hence 
the first statement follows from [T^l X(4.11)]. Let tiq (gx^g be the anisotropic kernel 
of q. If the Witt index of q is 4m, then denoting by H the hyperbolic plane over F 
we have 

q ~ ng (g) (go -L mW.). 
Since Ad„Q ~ {Q,~) «> {Q~) (see [HI (11.1)]) it follows that 
Ad, ~ (Q,— ) (g) (Q,— ) (g) Adqg±„m, 

so Adg contains {Q,~). Conversely, assume Adq contains {Q,~) and let {Ai,ai) 
be the centralizer of {Q,~) in {A, a). Then 

Adg ~ (Q,-)(g (Ai,cri) 
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hence cti is symplectic and Ai is Brauer-equivalent to Q. Therefore, there is a 
hermitian Q-form hi such that ai ~ ad/i^ . The anisotropic kernel of hi has a 
diagonahzation (ai, . . . , ar)Q with ai, . . . , G -F^ ; letting m be the Witt index of 
/ii, we have 

hi ~ (oi, . . .,ar)Q -L toHq. 
Consider the following quadratic form over F: 

91 = (o-i, ■ • • , Or) -L mM. 

Then (Ai,(Ti) ~ {Q,~)(^Adq^, hence Ad^ ~ Ad„Q,gg^, and therefore q is isometric 
to nq (8) gi up to a scalar factor. Now, 

ng (g) (7i = TiQ (g) (ai, . . . , a^) -L m{nQ H) = ng (X) (ai, . . . , a^) -L 4mIHI, 

and ?iQ(g)(ai, . . . , a^) is anisotropic since (oi, . . . , a.r)Q is anisotropic (see |16[ Ch. 10, 
Th. 1.1]). Therefore, the Witt index of q is 4m. □ 

For algebras that are Brauer-equivalent to Q, the result is as follows: 

Proposition 2.2. Let {A,a) he a central simple F -algebra with involution such 
that A is Brauer-equivalent to Q. 

(1) If a is symplectic, then {A, a) contains (Q, ) and {A,a)FQ is hyperbolic. 

(2) // cr is orthogonal and (A, a) Fq is hyperbolic, then [A, a) is hyperbolic and 
contains {Q, ). 

Proof. (1) It was already observed in the proof of Proposition I2.ir 2) that every 
central simple algebra with symplectic involution that is Brauer-equivalent to Q 
contains {Q,~). Therefore, every such algebra becomes hyperbolic over Fq. 

(2) The first statement follows from the injectivity of the scalar extension map 
W~{Q,~) 14^ (Fq) proved independently in [5 and [Ii]. If {A, a) is hyperbolic, 
then A — Mr(F) (g) Q for some even integer r, and cr is conjugate to r (g) ~ for 
any symplectic (hyperbolic) involution r on Mr{F). In particular, {A, a) contains 
(Q,-). □ 

Focusing on the anisotropic case in the propositions above, we have: 

Corollary 2.3. Let {A, a) be a central simple F-algebra with involution. Assume 
a is anisotropic and (^A^g^Fq is split hyperbolic. Then either 

• A is split, a is orthogonal, and there is a quadratic form q such that 

{A,(j) ~AdnQ»q =i iQ,~)(E) iQ,-)(E) Adq; 

or 

• A is Brauer-equivalent to Q, a is symplectic, and there is a quadratic form 
q such that 

{A, a) ~ {Q-)(g>Adq. 
In both cases, (A, a) contains (Q, ). 

Using the results in this section, we may describe the algebras with involution 
of degree 2 mod 4 that become hyperbolic over Fq : 

Corollary 2.4. Let (A, a) be a central simple F-algebra with involution. If deg A = 
2 mod 4 and (A, (j)fq is hyperbolic, then Apq is split. If moreover a is anisotropic, 
then it is symplectic and there is an odd-dim,ensional quadratic form q over F such 
that {A, a) ~ (Q,") (g Ad,. 
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Proof. Since deg^ = 2 mod 4, we have A ~ Mr{H) for some odd integer r and 
some quaternion algebra H over F. If H is division, A does not admit a hyperbolic 
involution. Therefore, the hypothesis that (A, cr) Fq is hyperbolic implies that Hp^ 
is split, hence {A^a)FQ is split hyperbolic. The last statement then readily follows 
from Corollarv l2.3l □ 



In view of this corollary, we only consider central simple algebras of degree 
divisible by 4 in the following sections. 

3. Algebras of degree 4 

Throughout this section, A is a central simple algebra of degree 4 over an arbi- 
trary field F of characteristic different from 2. Involutions on A are classified by 
cohomological invariants (see [TTl Ch. 4]), which we use to give an explicit descrip- 
tion of the involutions on A that become hyperbolic over Fq. 

3.1. The orthogonal case. This case is easy to handle using Clifford algebras. 

Proposition 3.1. Let a be an orthogonal involution on A. 

(1) {A, a) is hyperbolic if and only if disc a = 1 and one of the components of 
C{A, a) is split; 

(2) {A, a) contains (Q, ) if and only if disc a = 1 and one of the components 
of C{A, cr) is isomorphic to Q; 

(3) A contains Q if and only if A®f Q is Brauer- equivalent to a quaternion 
bra. 



Proof. (1) This readily follows from [1 2.5]. 

(2) If {A, cr) contains ((5,~), then there is a quaternion F-algebra Q' with canon- 
ical involution ~ such that 

{A,a)^{Q-)®{Q',-)- 
By [m (15.12)], this relation holds if and only if C{A, a) ~Qx Q' . This proves (2). 

(3) If A contains (a copy of) Q, then the centralizer of Q in A is a quaternion 
F- algebra Q', and we have 

A~Q®F Q' ■ 

This relation holds if and only if A®f Q is Brauer-equivalent to Q', hence (3) 
follows. □ 

Corollary 3.2. Let a be an orthogonal involution on A. Then (yl, cr);^^ is hyper- 
bolic if and only if (A, a) is hyperbolic or contains {Q, ). 

Proof. As noticed in the introduction, any (A, cr) containing (Q, ) is hyperbolic 
over Fq, so we only have to prove the converse. Assume {A,a)FQ hyperbolic. 
Since F is quadratically closed in Fq, the discriminant of a is trivial, so C{A,a) 
is a direct product of two quaternion algebras. At least one of these quaternion 
algebras splits over Fq by Proposition l3.1f 1). hence that component must be either 
split or isomorphic to Q. It follows that {A, cr) is either hyperbolic or contains 
{Q,~), by Proposition □ 

Note that a central simple algebra of degree 4 with hyperbolic involution does 
not necessarily contain (Q, ), even if it contains Q: if Q' is a quaternion _F-algebra 
such that Q®fQ' has index 2, then {A, a) = {M2{F),~)®{Q' ,~) is hyperbohc over 
F and satisfies C{A, a) ~ M^iF) x Q' by [HI (15.12)]. Therefore, Proposition[33l2) 



HYPERBOLICITY OVER THE FUNCTION FIELD OF A CONIC 



7 



shows that {A, a) does not contain even though Proposition 13. If 3) shows 

that A contains Q. This situation does not occur in the symplectic case, in view of 
Proposition 13.31 below. 

3.2. The symplectic case. Symplectic involutions on A are classified up to con- 
jugation by a relative invariant A with values in the Galois cohomology group 
H^{F,iJL2), setQ [m (16.9)]. We denote by [A] the Brauer class of A, viewed as 
an element of H'^{F,iJ,2), and for A £ we denote by (A) the square class of A, 
viewed as an element in H^{F, ^2)- Using the invariant A, we show: 

Proposition 3.3. Let a be a symplectic involution on A. If A contains Q and 
{A,a)FQ is hyperbolic, then {A, a) contains {Q,~). 

Proof. Since A contains Q, it decomposes as ^ = Q®Q' for some quaternion algebra 
Q' = {a',b')p. Let t' be an orthogonal involution on Q' of discriminant a'. The 
involution r = ~ (g) r' on A = Q (g) Q' is of symplectic type, and clearly hyperbolic 
over Fq since {A, t) contains Similarly, for every invertible y G Sym((5', t'), 

the involution 

Ty ~ Int(l (g) y) o r = ~ (g) (Int(y) o r) 

is such that {A,Ty) contains {Q,~). We prove below that cr is conjugate to Ty for 
a suitable y. By [TTJ (16.18)], the relative discriminant AT-(r') is given by 

A,(r') = (Nrp,(l ® y)) U [A] e i?^(F,/i2), 

where Nrp^ is the Pfafhan norm, as defined in [TTl (2.9)]. Since this relative dis- 
criminant classifies symplectic involutions on A up to conjugation, it suffices to 
show: 

Lemma 3.4. There exists an invertible element y G Sym((5',r') such that 

A,(a) = (Nrp,(l§5j/))U[^]. 

Proof. The involution a can be written as u = Int(a:;) o r for some x G Sym(^, cr), 
hence we already have 

A,(a) = (Nrp,(x))U[^], (3) 

and we want to prove we can substitute for x some element 1 (g y with y G 
Sym((5',r'). Since both a and r become hyperbolic over Fq, the relative discrim- 
inant Aria) is killed by Fq, hence (Nrp^(a;)) U [Q'] = (A) U [Q] for some A G i^''. 
By the common slot lemma fT| Lemma 1.7], we may even assume 

(Nrp, [x]) U [Q'j = (A) U [Q'] = (A) U [Q] , (4) 

from which we deduce 

(A)U([Q] + [Q']) =0, and (ANrp,(a;)) U [Q'] = 0. (5) 

Hence the relative discriminant of a is 

Aria) = iNrprix)) U ([Q] + [Q']) = (ANrp,(a:)) U ([Q] + [Q']) - (ANrp,(a;)) U [Q]. 

Moreover, the quadratic space (Sym(^, cr), Nrp^) is an Albert quadratic space 
for the biquaternion algebra A by [HI (16.8)]. Hence, its Clifford invariant is 
e2(Nrp^) [A] = [Q] + [Q']. We deduce from (O that the quadratic form ((A))g)Nrp^ 
has trivial Arason invariant 63, and hence is hyperbolic by the Arason-Pfister 



The discussion in | 11| is in terms of the 3-fold Pfister form j whose Arason invariant is A. 
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Hauptsatz. So there exists an element x' € Sym(A,tT) such that ANrp^(a;) = 
Nrp^(x'), and we have proven 

A,(r7) = (Nrp,(a;'))U [g] and (Nrp,(a;')) U [g'] = (6) 

for some x' G Sym(yl, a). 

Let us now pick a pure quaternion i' G Q' such that i'"^ — a' and r' = Int(i') o . 
Denoting by Q'^ the vector space of pure quaternions in g, we have 

Sym(A, r) = (1 (g) Sym(g', r')) ® {Q° ^ i'). 

Hence x' can be written as x' = xq + 1 ^ + £^2 'S) i' for some xq G F, some pure 
quaternion ^1 g Q"^ D Sym{Q' ,t') and some ^2 S Q^- The pure quaternion 1^1 
being r'-symmetric, it anticommutes with i' , and changing of quaternionic basis 
if necessary, we may assume that = b'xi for some xi e F. Similarly, we may 
assume that ^| = aa;| for some X2 € F. Note that we allow = for i = 0, 1, and 
2 since some term might be zero in the decomposition of x' . We then have 

Nrp^ix') = xl-b'xj- aa'xl, (7) 

and the following lemma finishes the proof: 

Lemma 3.5. There exists zq, z\, yo, yi and 2/2 such that Nrp^(a;')(zQ — azf) — 
2/2 - b'yl + a'h'yl ^ 0. 

Indeed, if we let y = yo + yij' + 2/2«'j', where j' is a pure quaternion in Q' such 
that /2 = b' and i'j' = -j'i', we have Nrp^(l (g) y) = Nrdq' (y) = 2/0 - b'yl + a'b'yl 
(see [m (2.11)]). Hence, 

A,(a) = (Nrp,(x')) U [(a, 6)^^] = (Nrp,(a;')(^o " «^?)) U [(a, 6)f] 

= (NrdQ-(2/)) U [A] = (Nrp,(l (g 2/)) U [A], with 2/ G Sym(g', r'). 

Proof of Lemma \3.5l If {1, —b' , a'b') is isotropic, then it is universal, hence repre- 
sents Nrp^(a::') and we are done. Otherwise, denote /x = Nrp^(a;'); by (l7|), we have 
(^) U [{aa', 6')_f] = 0, and combining with ([6]), we get (/x) U [(a, 6')] = 0. In terms of 
quadratic forms, this means that the 3-fold Pfister form 

{{H, a, b')) ^ (1, -fi, -a, ^ib') _L (/ia, ab' , -fiab') _L {~b') (8) 

is hyperbolic. On the other hand, by ([7]), the quadratic form (1, — — aa', — /i) is 
isotropic. Multiplying by (— a6'/i), we get that —a'b'fi is represented by the form 
{fia, ab' ^ —fiab') . Hence, in view of ([5]), the quadratic form {1, —fi, —a, fxb' , —a'b' fi) , 
which is a 5-dimensional subform of {{fj,, a,b')) , is necessarily isotropic. Since the 
quadratic forms (1,— a) and {l,—b',a'b') are anisotropic, this completes the proof. 

□ 

Using Proposition [231 we may characterize the symplectic involutions on A that 
become hyperbolic over Fq: 

Theorem 3.6. Let a he a symplectic involution on A. If [A,a)FQ is hyperbolic, 
then either 

(a) {A,a) ~ (g, ) ® (Q' , p) for some quaternion F-algebra with orthogonal 
involution {Q',p), or 

(b) [A, a) ~ Ad((A)) ®{Q' ,~) for some quaternion F-algebra Q' and some X e 
F^ with the following properties: Q ®f Q' is a division algebra and the 
norm forms nq, nqi satisfy ((A)) • nq ~ ((A)) • nq: . 
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Conversely, if (A, cr) is of either type above, then {A, a) Fq is hyperbolic. 

Note that (a) and (b) are mutually exclusive since in the first case A^p Q has 
Schur index 1 or 2, whereas it has index 4 in case (b). 

Proof. Suppose (A, a) is not as in case (a) and {A, a) Fq is hyperbolic. Then Propo- 
sition [331 shows that A does not contain Q. In particular, A is not division, by 
Proposition 11.21 so A ~ M2{Q') for some quaternion F-algebra Q' , and Q ®f Q' 
is a division algebra by Proposition 13.1( 3). As observed in the proof of Proposi- 
tion l2.ir 2). [A, a) contains hence 

{A, a) ~ Ad((A)) ®{Q' ~) for some A e F"". 

The algebra A carries a hyperbolic symplectic involution r, and we have by |11[ 
(16.21)] 

A,(a) = (A)U[Q']. 

Since {A,a)FQ is hyperbolic, this invariant vanishes over Fq. Hence, by |12[ 
X(4.11)] and Arason's common slot lemma we may assume as in the proof of 
Lemma [31] that (A) U [Q'] = (A) U [Q]. Therefore, ((A)) • nq, ~ ((A)) • nq, which 
shows that {A, a) is as in case (b). 

It is clear that {A,(j)fq is hyperbolic in case (a). In case (b) the algebra A 
carries a hyperbolic symplectic involution t and At-((t) = (A) U [Q'] vanishes over 
Fq. Therefore, {A,(y)FQ is hyperbolic. □ 

4. Fq-MINIMAL QUADRATIC FORMS OF DIMENSION 5 

A quadratic form ip over F is called Fq -minimal if tpFq is isotropic and iPfq 
is anisotropic for every proper subform tp <Z ^p. In this section, we show that 
Theorem 13.61 can be used to recover (and is in fact equivalent to) the description 
of Fg-minimal forms of dimension 5 due to Hoffmann, Lewis, and Van Geel [51 
Prop. 4.1]. 

A general procedure to construct central simple algebras with involution that 
become hyperbolic over Fq uses Clifford algebras. Recall from [T^ V(1.9), V(2.4)] 
that for any quadratic form of odd dimension 2m + 1 over F the even Clifford 
algebra Co(¥') is central simple over F of degree 2"*. It carries a canonical involution 
To, which is the restriction of the involution on the full Clifford algebra that leaves 
invariant every vector in the underlying vector space of Lp. The involution tq is 
orthogonal if m = or 3 mod 4 and symplectic otherwise, see [TTJ (8.4)]. 

Proposition 4.1. Let ip be a quadratic form of odd dimension over F. 

(1) If ipFQ is isotropic, then (Cq{p),to)fq is hyperbolic. The converse holds if 
dim ip = b. 

(2) If p contains a subform similar to (1,— a, — 6), then (Co(</j),to) contains 
(Q, ). The converse holds if Amnp = 5. 

Proof. (1) The first statement readily follows from [TT, (8.5)] and the second from 

m (15.21)]. 

(2) Suppose the underlying vector space of ip contains orthogonal vectors eo, ei, 
62 satisfying for some A G 

(p{eo) = A, (p{ei) = -Aa, p{e2) = -\b. 

Then the products cqCi and 6962 generate a ro-stable subalgebra of Ca{p) isomor- 
phic to {Q~). 
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For the rest of the proof, suppose dmiip — 5 and {C'o{f),To) contains {Q, ). 
The centrahzer of {Q,~) is a quaternion algebra with orthogonal involution {Q' , p) 
such that 

(CoM,ro) = (Q-)®(g',p). 

Let V C Syni(Co((^), To) be the vector space of To-symmetric elements of trace 0. 
The map x i— s- defines a quadratic form s: V F that is similar to (p by the 
equivalence B2 = C2, see (TTJ (15.16)]. Let y e Q' be a p-skew-symmetric unit and 
let (5° C Q be the vector space of pure quaternions. The restriction of s to the 
subspace Q'^ ® y C V is similar to (1, —a, — &), hence the proof is complete. □ 

Corollary 4.2 (Hoffmann-Lewis- Van Geel [9l Prop. 4.1]). A b- dimensional qua- 
dratic form over F is Fq -minimal if and only if the following conditions hold: 

(a) if is similar to a Pfister neighbour of the 3-fold Pfister form {{a, 6, A)) for 
some X G F^ , and 

(b) Co{lp) ~ M2{Q') for some quaternion F -algebra Q' such that Q®f Q' is a 
division algebra. 

Proof. Proposition 14.11 shows that (p is Fg-minimal if and only if {Co{(p),tq) is 
hyperbolic but (Co((p),To) does not contain {Q,~). By Theorem l3.61 this condition 
is equivalent to 

{Co{^),To)-Ad^^x))^{Q'-) (9) 
for some quaternion i^-algebra Q' ~ {a',b')p and some A £ F^ with Q ® Q' a. 
division algebra and {{a,b,X)) ~ {{a',b',X)). It follows from the isomorphism ^ 
that (fi is similar to a Pfister neighbour of ((a', b' , A)), by [TTl p. 271]. Thus, (a) and 
(b) hold if (p is FQ-minimal. Conversely, if Co{(p) ~ M2{Q') for some quaternion 
i^-algebra Q' — {a',b')F, then as observed in the proof of Proposition 12. If 2) we 
have 

{Co{ip),To) ~ Ad((^)) ®(Q',~) for some n € F"" . 

It then follows from [XH p. 271] that p is similar to a Pfister neighbour of ((a', 5', n)). 
If (a) holds, then ((a, 6, A)) ~ ((a',6',/i)) and by the common slot lemma we may 
assume A = /i. Thus, ip is FQ-minimal if (a) and (b) hold. □ 

5. Totally decomposable orthogonal involutions of degree 8 

In this section, A denotes a central simple _F-algebra of degree 8 and cr is an 
orthogonal involution on A. The algebra with involution (A, a) is called totally 
decomposable if there are a-stable quaternion subalgebras Qi, Q2, Q3 in A such 
that A — Qi Q2 Q3. Denoting by ai the restriction of cr to Qi for i = 1, 2, 3, 
we then have 

{A, cr) = (Qi, cri) (g) (Q2, era) (g) (Qa, CTs). 

The totally decomposable algebras of degree 8 are characterized by the property 
that discCT = 1 and one of the components of the Clifford algebra C{A, a) is split, 
see [m (42.11)]. Proposition 15.11 below shows how to use this criterion to relate 
totally decomposable algebras to quadratic forms. 

Recall that for any quadratic form p of dimension 8 with disc p = I the even 
Clifford algebra decomposes into a direct product of central simple F-algebras of 
degree 8, 

Coip)^C+ip)xC-ip). 
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The canonical involution tq on Co{^) restricts to orthogonal involutions r+, t_ on 

C+{ip) and C-{ip), and we have 

(C+M,T+)^(C_M,r_). 
It is easily checked that (C+((p),T+) is totally decomposable. 

Proposition 5.1. For every central simple algebra of degree 8 with totally decom- 
posable orthogonal involution (A, a) , there is a quadratic form ip with dim ip = 8 
and disc a — 1 such that 

(A,fT)^(C+(^),T+). 

The form ip is uniquely determined by {A, a) up to similarity. Moreover, 

— the algebra A is split if and only if ip is a multiple of a 3-fold Pfister form; 
in that case {A, a) ~ Adi^; 

- the algebra {A, a) contains (Q, ) if and only ifip contains a subform similar 
to (1, —a, —b) . 

Furthermore, the following conditions are equivalent: 

(a) {A, a) is isotropic; 

(b) {A, a) is hyperbolic; 

(c) ip is isotropic. 

Proof. Since {A, a) is totally decomposable, it follows from JJ^ (42.11)] that one of 
the components C+{A,a) of the Clifford algebra is split. The canonical involution 
(T-|_ on C_|_(A, cr) is orthogonal, hence there is a quadratic form ip of dimension 8 
such that 

(C+(A,(7),a+)~ Ad^. 

By triality (see [III (42.3)]) we have 

{Co{ip),To) ~ {A,a) X {A,a). 

Therefore, disc(/3 = 1 and {A, a) ~ {C+{ip),T+). Conversely, triality also shows 
that if {A, a) ~ (C+((/3), t_(-), then the canonical involution a on C{A, a) satisfies 

{C{A, a),a)~ Ad^ x{A, a), 

hence the form ip is uniquely determined up to similarity. 

The Clifford algebra of ip splits if and only if (yS is a multiple of a 3-fold Pfister 
form, by [l6l Ch. 2, Th. 14.4] and [H X(5.6)]. When that condition holds we have 
iA,a):^Ad^ by [HI (35.1)]. 

If ip contains a multiple of (1, —a, ~b), then the same argument as in the proof of 
Proposition l4. ir 2) shows that (Co(<p),To) contains {Q,~). Projecting on each com- 
ponent, it follows that (C+((/3),r+) contains {Q,~). Conversely, if {A,(7) contains 
(Qi )i then we have 

{A,a) = {Q,-)^{Auai) (10) 
for some central simple algebra with symplectic involution {Ai, ai) of degree 4. By 
[TT| (15.19)] there is a 5-dimensional quadratic form ?/' such that disc!/) — 1 and 
(Ai, cTi) ~ (Co('0), Tq). Letting Tq be the canonical involution on Co((a6, —a, —6)), 
we may rewrite PU)) as 

[A, a) ~ (Co((a6,-a,-6)),r^)0 (Co(^),ro). (11) 
In view of the canonical embedding 

Co((a5, -a, -b)) (E)f CqW ^ Co((a6, -a, -b) _L V'), 
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which is compatible with the canonical involutions, (llip yields 

(C+((a6,-a,-6) ±V),T+). 

Uniqueness of Lp shows that Lp is similar to {ah, —a, —h) _L ■0, hence it contains a 
subform similar to (1, — a, —6). 

The equivalence of (a), (b), (c) is clear if A is split, since then (A, a) ~ Ad;^ and 
(/? is a 3-fold Pfister form, hence it is isotropic if and only if it is hyperbolic. For the 
rest of the proof, we may thus assume A is not split. If (A, a) is hyperbolic, then it 
follows from 6 that the split component of (C(A, cr), a;) is isotropic, hence (b)^(c). 
Conversely, if (c) holds, then 11, (8.5)] shows that (Co((p),To) is hyperbolic, hence 
(C+(93),r+) also is hyperbolic, proving (c)^(b). The equivalence of (a) and (b) 
readily follows from fS*, Prop. 2.10]. □ 

To give an example of a division i^-algebra of degree 8 with a totally decompos- 
able orthogonal involution that is hyperbolic over Fq but does not contain (Q, ), 
we use an example of i^g-minimal quadratic form of dimension 7 due to Hoffmann 
and Van Geel [TD]. For the rest of this section, we fix the following notation: 
Fi — FQ{t,u) is the function field in two independent indeterminates over an arbi- 
trary field Fq of characteristic different from 2, and F = Fi((a))((6)) is the iterated 
Laurent series field in two indeterminates a, b. In accordance with our running 
notation, Q denotes the quaternion algebra {a,b)p. Let 

ipo = (l + i,it) -L {-a){l,u) _L {-b){l,t + u) _L {ab){t) 

(see [ini p. 43]) and 

ip = ipo-L {ab){t{l + t){t + u)), 
so dim tf = 8 and disc ip = 1. Let also 

iA,a)^iC+{^),r+) (=(Co(vPo),ro)), 
a central simple _F-algebra of degree 8 with a totally decomposable involution. 

Theorem 5.2. The algebra with involution (A, a) does not contain {Q, ), yet 
(A, a) Fq is hyperbolic. Moreover, A is a division algebra. 

Proof. Since (1, t) ~ {1 + t, t{l + t)) and {t, u) ~ -I- u, tu{t + u)), we have 

ipo -L (t(l + t),~at,-btu{t + u),ab,abu) ~ {l,t,u) {{a.b)) . (12) 

Since the right side is hyperbolic over Fq, it follows that {'P>o)fq is isotropic, and 
therefore {A,(j)fq is hyperbolic by Proposition 14. 1 f 1 ) or l5.ll 

To show (A, a) does not contain (Q,~), we prove (p does not contain any subform 
similar to (1, — a, — fe). As in [TOl p. 43], we decompose cp as 

(p = a_L (-a)/?_L (-6)7_L (a6)(5, (13) 

where a = (1 + i, u), /3 = (l,u), 7 = {l,t + u), and S = {t,t{l + t){t + u)) . By 
Springer's theorem, the isonietry classes of a, /3, 7, and S over Fi are uniquely 
determined by (p. If three of those quadratic forms represent a common value A, 
then ip contains a 3-dimensional subform of (A) ((a, 6)), hence a subform similar to 
(1,— a. — 6). We claim that the converse also holds. Indeed, assume first that cp 
contains (A)(l,— a, — 6) for some A € F^ . Writing ip = {X){l,—a,—b) _L ip' as 
in (|13p . we get, by uniqueness of the forms a, (3 and 7 up to isometry, that all three 
represent A. Consider now the general situation, where X £ F^ need not be in Fi; 
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modifying it by a square if necessary, we may write it as Ao, — oAq, —bXo or abXo 
for some Aq G Fi . The same argument as above then proves the claim. 

Thus, to prove that ip does not contain any subform similar to (1,— a, — &), we 
have to show that no three of the quadratic forms a, (3, 7, and S have any common 
value over Fi. This can be checked after some scalar extension. For instance, by |10[ 
Lemma(4.4)(iii)], the only common value of a and (3 over Fo{t){{u)) is the square 
class of u. On the other hand, applying 12, VI(1.3)], one may check that 7 and 
S are both isomorphic over Fo{{t)){{u)) to which does not represent u. On 

the other hand, over Fo(i)((i + u)) the form 7 only represents the square classes of 
1 and t + u, whereas 5 only represents the square classes of t and t{l + t){t + u). 
Therefore, 7 and 6 have no common value in Fi. 

To complete the proof, we show A is a division algebra. Taking the Clifford 
invariant of each side of and applying [12, V(3.13)], we obtain the following 
equality in the Brauer group of F: 

[A] + [Coi{t{l + t),-at,-btuit + u),ab,abu))] = [Q]. 

The even Clifford algebra of the 5-dimensional form is easily computed: 

Co((t(l + t), —at, —btu[t + u), ab, abu)) ~ (— u, bt)p (g) {ab{t + u), —au{l + t))F, 

hence 

A ~ (a, 6)f <8) bt)F ® {ab{t + u), -au{l + t))F 

~ {~u,t)F ® {a{t + u),u{l + t){t + u))f ®{b,l + t)F. 

Since 6 is a uniformizing parameter for the 6-adic valuation on F , it follows from 
[151 §19.6, Prop.] that the right side is a division algebra if (and only if) the algebra 

B = {-U, t)F,iia)) ® Ht + "(1 + + w))Fi((a)) ® Fi {VlTt) {{a)) 

is division. (Alternatively, one may view A as a ring of twisted Laurent series over 
B in an indeterminate whose square is b.) Now, a(t+u) is a uniformizing parameter 
for the a-adic valuation on Fi (^^/T+Tj {{a)) , hence the same argument shows that 
S is a division algebra if (and only if) the algebra 

C = {-u, t) F, ® Fi {VTTt, ^/u{l + t){t + u)) 

is division. Since 1 + t and u{t + u) are squares in F(j{u)((t)), we may embed C in 
the quaternion algebra {—u,t)Fg(u)(it))i which is clearly division. Therefore, ^ is a 
division algebra. □ 

6. NON-TOTALLY DECOMPOSABLE ORTHOGONAL INVOLUTIONS OF DEGREE 8 

In this section, we consider the case of central simple algebras with orthogonal 
involution {A, a) of degree 8 that are not totally decomposable. These algebras 
do not contain any quaternion algebra with canonical involution (i7, ) , since the 
centralizer of H would be an algebra of degree 4 with symplectic involution, hence 
decomposable by [TI] (16.16)]; the algebra {A, a) would then be totally decompos- 
able. 

We start with a couple of lemmas of independent interest related to triality. Let 
Qi, Q2, Q3 be quaternion F-algebras such that Q\ ®f Q2 ®f Q3 is split. By a 
well-known result due to Albert and to Pfister, this condition implies that Qi, (52, 
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and Q3 have a common maximal subfield, see |1H (16.30)]. Therefore, we may 
write 

(3l = (c, Q2 = {c,d2)F, Q3 = {c,dz)F 

for some c, di, ^2, ^3 G such that the quaternion algebra (c, dic?2'i3)F is split. 
For a — 1, 2, 3, let pa be the orthogonal involution on Qa with discpa = c. The 
involution is uniquely determined up to conjugation by TT, (7.4)]. 

Lemma 6.1. For {a, (3, 7} = {1, 2, 3} we have 

iQa~) «) {Qi3,~) ^ Ad((d^)) '»{Qj,Pj) - Ad((d^)) <»iQj,Py). 

Proof. By Tao's computation of the Clifford algebra of a decomposable involution 
[TT] we have 

C{{Qa,~) «) (Q/3,~)) =i Qa X Q/3 ~ {c,da)F X {c,df3)F, 

C(Ad((d^)) ®(Q7,P7)) - {c,da)F X {C,dad^)p ~ {c,da)F X {c,dp)F, 

C {Ad(^(^dfi)) ^iQ-ri Pi)) — {c,dp)F x {c,dpd^)F — ic,dp)F x (c, da)F. 
Since central simple algebras with orthogonal involutions of degree 4 are classified 
by their Clifford algebra (see [11, (15.7)]), the lemma follows. □ 

Now, for a = 1, 2, 3, let {Aa, aa) be a central simple F-algebra with orthogonal 
involution of degree 8 such that for /3, 7 with {a, /3, 7} — {1,2, 3}, 

{Aa,<Ja) - Ad(i «'(Qa, Pa) - Ad(i «l(Qa, Pa)- 

Thus, (^Q,crQ) is Witt-equivalent to {Qf3,~) ® {Q-y,~) by Lemma [Ql 

Lemma 6.2. T/ie triple ((Ai, cri), (A2, (72), (A3, (T3)) zs trialitarian, in the sense 
that for {a, /3, 7} = {1,2,3} we have 

C(Aa,Cra) ~ {Af3, (T/3) (g) (A^, cr^). 

(See dH p. 548].; 

Proof. By triality, it suffices to prove the isomorphism for a — 1, P — 2, and 
7 = 3. By definition, {Ai, ai) is an orthogonal sum of the algebra M2{Qi) with a 
hyperbolic involution and of Ad^^^^^^ ®{Qi, Pi), so by Lemma |6. II 

(Ai,(Ti) ~ ((M2(i^),-) ® (Qi,-)) ffl ((Q2,-) ® (Q3 ,-)). 

By [ni (15.12)] we have 

C((Af2(^^),-) ® (Qi,-)) ^ (M2(F),-) X (Qi,-) 

and 

C((Q2,-) ® (Q3 -)) - (Q2,-) X (Qa ,-). 
Arguing as in Garibaldi's "Orthogonal Sum Lemma" [51 Lemma 3.2], we get 

(C(Ai,CTi),CTi) ~ {C+{Ai,ai),a+) x (C_(Ai, cri), ct^) 

with 

(C+(Ai,ai),a+)~ ((Af2(F),-)®(Q2,-))ffl((gi,-)®(Q3 -)) 

and 

(C_(Ai,ai),a^) ~ ((M2(F),-) ® (Q3 -)) B ((Qi ,") ® (Q2,-)). 

Thus, (C+(Ai, (Ti), (T4.) is Witt-equivalent to (Qi,~) (81 (Q3,~), hence it is isomor- 
phic to {A2,a2). Likewise, (C_ (Ai, (Ti), cr_) is isomorphic to (743,0-3). □ 
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Theorem 6.3. Let [A^ a) be a central simple F-algebra with orthogonal involution 
of degree 8. Assume {A^a) is not totally decomposable. Then {A,(7)fq is hyperbolic 
if and only if there is a quaternion F-algebra Q' with the following properties: 

- ind{Q (g)F Q') < 2, and 

- [A, a) is Witt- equivalent to {Q,~) <8i {Q',~)- 

When these equivalent properties hold, we can find c, d, d' € such that 

Q~{c,d)F, Q'~{c,d')F, 

and 

~ Ad(i,_i,i,_<j)®(g",p") 

where Q" — {c,dd')F and p" is an orthogonal involution on Q" with discp" = c. 

Proof. Clearly, {A, a) Fq is hyperbolic if {A^ a) is Witt-equivalent to an algebra 
containing {Q,~). Conversely, suppose {A,a)FQ is hyperbolic. Since {A, a) is not 
totally decomposable, it is not hyperbolic. If A is split. Proposition 12 . 1 1 shows that 
the anisotropic kernel of [A^a) is Ad„Q ~ ® {Q,~), hence 

{A, cr) ~ Ad(i _i J _a) «) Ad((f,)) . 

For the rest of the proof, we may thus assume A is not split. By Proposition ! 1.31 one 
of the components of the Clifford algebra, C+{A, a) say, is split by Fq. However, 
C+{A,a) is not split since {A, a) is not totally decomposable, hence C+(A, cr) is 
Brauer-equivalent to Q. As was observed in Proposition 11.31 {C+{A,a),a+)FQ is 
isotropic. If it is hyperbolic, then {A, a) is hyperbolic by the main theorem of [6], a 
contradiction. Therefore, the anisotropic kernel of {C+{A,a),a+) has degree 4. It 
has discriminant 1 by triality, hence (C+(A, cr), cr+) is Witt-equivalent to a product 
{Q\~) ® iQ" :~) for some quaternion F-algebras Q' , Q" such that Q' ® Q" is 
Brauer-equivalent to Q. We may therefore find c, d, d' , d" £ F^ such that 

Q~(c,d)F, Q'~(c,d')F, Q"~(c,d")F. 

Letting p (resp. p' , resp. p") be an orthogonal involution on Q (resp. Q' , resp. Q") 
with discriminant c, we have by Lemma |6. II 

(C+(A, cr), CT+) ~ Ad(i,_i,i,_rf,) (g){Q, p) ~ Ad(i,_i,i,_<i"> ®{Q. P)- 

By Lemma W% it follows that [A, a) is isomorphic to 

Ad(i^_i,i._rf)(8)(Q',p') or Ad(i,_i,i,_d)«)(Q",p"), 

hence it is Witt-equivalent to 

(Q,-)0(Q',-) or (Q,-)®(g",-). 

Interchanging Q' and Q" if necessary, we thus obtain the stated description of 
(A, a). □ 

7. Examples of arbitrarily large degree 

Let (A, cr) be a central simple i^-algebra with involution of orthogonal or sym- 
plectic type. Consider the (iterated) Laurent series fields Fx = F{{x)), F2 — 
F[(x)){{y)), and the quaternion F2-algebra H — {x,y)F2- Let p be any involution 
of orthogonal or symplectic type on H, and let 

(^i,cri) = {A,a) Ad((^)), (A2,fT2) = iA,a) ®f {H,p). 
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If {A,a)FQ is hyperbolic, then (Ai,(Ti)fq and {A2,a2)FQ also are hyperbolic, since 
they contain a hyperbolic factor. 

Theorem 7.1. Assume (A, a) is anisotropic. Then (Ai,<ti) and {A2,cr2) are 
anisotropic. Moreover, the following conditions are equivalent: 

(i) {A, a) contains (Q,~); 

(ii) (Ai,(Ti) contains {Q,~); 

(iii) (^2,172) contains (Q, ). 

Proof. Let Ci = -"i), m = (? §) G ^^2(^1), so 

ad((j,))(6) = Ci and ad((^))(77i) = -771. 

Let also {ai)i^i be an F-basis of A, so (oi ®\,ai® ^1, Oi (8) ?7i, (8) is an 

Fi-basis of Ai . We extend the x-adic valuation Vi on Fi to a map 

ffi: ^1 ^ (iZ) U{(X)} 

defined by 

5ri(^aj(K' (a^ + /3i^i +7^771 +^j6'?i)) = niin(wi(Q;i), ^1(7^) + \,vi[5i) + \) 

iei *^ 
for ai, /3i, 7i, (5^ e fi. It is readily verified that the map gi satisfies the following 
conditions for s, t (z Ai and a (z Fi: 

• = and gi{s) = cx) if and only if s = 0; 

• gi{s + t) >mhi{gi{s),gi{t)) and 5i(sa) = gi(s) + 

• 9i(st) > gi{s)+gi{t). 

(It suffices to prove the last inequality for s, t in the above Fi-base of Ai, see [20} 
Lemma 1.2].) The map gi defines a filtration of Ai, and the associated graded ring 
gr(Ai) is 

gY{Ai)c^A^FM2{F[x,x-^]) 
with the grading defined by 

gr(Ai)A = ^ ® (^"^0 x° ) ^ ^ ^' 

gr(^i)A ^A^ (^J_, ""'^^^ ^ for A G (iZ) \ Z. 

Therefore, gr(^i) is a graded simple algebra, and gi is a wi-gauge in the sense of 
[20j . The involution cti preserves gi. On gr(yli)o, the induced involution a\ is 
cr (8) Id, hence it is anisotropic. Therefore, CTi is anisotropic by [21, Cor. 2.3], gi is 
the unique wi-gauge that is preserved by ai by |211 Th. 2.2], and we have 

gi{ai{s)s) = 2gi{s) for aU s e Ai. (14) 
Now, suppose (Ai,ai) contains {Q, ); it then contains elements i, j such that 

= a, f^b, ji = -ij, (ji{i) = -i, ai{j) = -j. (15) 
Then by p4)) we have gi{i) = ^gi{—a) = and, similarly, gi{j) — 0. The images 
i, j of i, j in grj(Ai)o satisiy conditions similar to ([15]). Since gr(Ai)o ~ A x A 
we may consider a projection gr(^)o ^ A, which is a homomorphism of algebras 
with involution vr: (gr(Ai)o,aT) (^,0"). The images 7r(z), 7r(j) generate a copy 
of (Q,~) in {A, a). Thus, {A, a) contains {Q,~) if (^1,0-1) contains {Q,~). The 
converse is clear. 
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The argument for {A2, (72) follows the same lines. Let ^2, 112 & H he such that 

Note that if p is orthogonal its discriminant is represented by the quadratic form 
{x,y, —xy), hence it is the square class of x, y, or —xy. Therefore, we may assume 
p = Int(^2)°~, Int(??2)°~, or Int(^2??2)o~- In each case (and also if p is symplectic) 
we have ^(^2) = ±6 and p{r]2) = ±772- 

Let U2 : -F2 — > U {00} be the {x, ?/)-adic valuation such that V2{x^y^) = (A, p) 
for X, p Q Zi, where is endowed with the right-to-left lexicographic ordering. 
Considering again an F-basis (ai)ig7 of A, we extend V2 to a map 

92: A2^ (iZ)'u{oo} 

defined by 

92(^ai (g) {ai + /3i^2 + 7i'72 + SiS.2'ri2)) = 

min(z;2(a^), f2(ft) + {^,0),V2{t^) + (0, i), V2iS,) + (i, i)) 
for ai, Pi, 7i, 5i e i^2- The map 92 is a W2-gauge on A2 with associated graded ring 

gr(A2) = A® {x,y)F[x,x-\v,y~^- 

The involution 02 preserves 92 and the induced involution irj on gr(^2)o = ^ is 
a. Therefore, the same arguments as for {Ai,ai) show that {A2,a2) is anisotropic, 
and that (A2,cr2) contains {Q,~) if and only if {A,a) contains {Q,~)- □ 

Theorem 17.11 applies in particular to the division algebra with orthogonal invo- 
lution [A, cr) of Theorem 15.21 and yields central simple algebras with anisotropic 
involution {Ai, txi) and {A2, 02) of degree 16 that do not contain {Q, ), even though 
they are hyperbolic over Fq. The involution cti is orthogonal and ind = 8, while 
the involution a2 may be of orthogonal or symplectic type and A2 is division. Of 
course, these constructions can be iterated to obtain examples of algebras with 
anisotropic involution of arbitrarily large degree that become hyperbolic over Fq 
and do not contain {Q,~)- Such examples can also be derived from the central 
simple algebras of degree 4 with symplectic involution in case (b) of Theorem 13.61 
although no division algebra can be obtained in this way since the algebras in 
case (b) of Theorem 13.61 have index 2. 
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